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What you’ll learn

e Formalize the agent-environment interaction, value functions, and the
Bayes-optimal policy that defines AIXI.

e Derive the explicit expectimax form of AIXI.

e Prove on-policy value convergence and that AIXI cannot be fooled in de-
terministic environments.

e Prove the self-optimizing property via likelihood-ratio martingales and
change of measure.

Much of this material is drawn from [HQC24]. The book provides fuller explanations,
additional context, and proofs omitted here.

Difficulty ratings. Each subproblem is tagged with a rating in square brackets using
Knuth’s scale [Knu73]: roughly, [00] trivial, [10] 15-minute pencil-and-paper, [20] 1-
2 hours, [30] several hours to a day, [40] a significant research result. Intermediate
values are possible. See Appendix B for the full scale.

Problems marked (x) are less interesting/insightful and while the result may be used
later, I would recommend skipping them on a first pass.

Overview

AIXTI is the action half of Universal AI: it lifts the Bayesian mixture from Solomonoff
induction — learning to predict — to learning to act. Now the agent takes actions
that shape what it observes, and AIXI is the Bayes-optimal policy over a universal
mixture £ of environments. It learns to act as well as if it knew the true environment p.



Under the universal choice — M = all lower-semicomputable environments, prior w, =
2-K(¥) _ the assumption “u € M” again becomes “the universe is computable.”

Prerequisites
e Solomonoff Induction — start there first. The Bayesian mixture, posterior
updates, and dominance carry over directly; AIXI reuses them in the action
setting.

e Comfort with discrete probability (conditional distributions, chain rule, expecta-
tions).

e Familiarity with sequential decision-making / reinforcement learning (agents, re-
wards, discounting, value functions) is useful but not assumed.

Goal and Roadmap

This exercise sheet builds towards three main results:

e On-policy value convergence (Section 7): the Bayesian mixture £ learns to
predict the value of any fixed policy as well as the true environment pu.

e AIXI can’t be fooled (Section 8): in deterministic environments, the Bayes-
optimal agent is guaranteed non-zero value whenever optimal value is non-zero.

e Self-optimizing property (Section 11, advanced stretch goal): the Bayes-
optimal policy ﬁg learns to act as well as if it knew u, provided that any learnable
policy can achieve this. This is the central theoretical justification for the AIXI
agent.

A good target is to complete Sections 7 and 8. The self-optimizing property (Sections 9—
11) requires substantial additional machinery (supermartingales, change of measure)
and is an advanced stretch goal.

Critical path. The three results share a common foundation (Sections 0-4) and then
diverge:
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In summary:

e Sections 0—4 establish the Bayesian RL framework: measure algebra, mixture
properties, existence of optimal policies, dominance, and linearity.

e Section 5 derives the explicit expectimax form of AIXI.

e Sections 6-7 prove on-policy value convergence: Ve and V' become indistinguish-
able for any fixed .

e Section 8 shows AIXI can’t be fooled: the Bayes-optimal agent achieves non-zero
value whenever optimal value is non-zero (in deterministic environments).

e Sections 9-11 (advanced stretch goal) prove the self-optimizing property: if any
policy can learn to act optimally, 7r’£ inherits this.

Setup

An agent interacts with an environment in discrete time steps t =1,2,....

Definition 0.1 (Spaces and notation).
e A: finite set of actions
e O: finite set of observations
e R C [0,1]: finite set of rewards

o £:=0 X R: set of percepts; e; = (0r,7¢) = 0474



o H!:= (A x &) set of all histories of length ¢

o H*:= U H': set of all finite histories

o H™ := (A x &)™: set of all infinite histories

e AS: set of all probability distributions over set S

e [-]: Iverson bracket: [P] =1 if P is true, 0 if false

e {: current time step; m: finite horizon; 1 <t <m

e 4,4, k: arbitrary integer indices

e ry: concatenation

e e: the empty string/history

® ;. 1= (;€; Aj+1€i+1 - - aje;: history segment from time ¢ to j

® . :=ajejagey -+ ag_1e,—1: history up to (but not including) time ¢

Definition 0.2 (Policy 7). A policy 7 : H — AA maps each history to a
probability distribution over actions. Given history sey:

o (- | &e<) is a distribution over A,
o 7(as | ee<¢) € [0,1] is the probability of choosing action at,
e the agent samples a; ~ (- | se<¢).

A policy is deterministic if 7(a | ;) € {0,1} for all a,se<;. We write
m(@eizj) := [Tjmy m(ak | 0<k).

Definition 0.3 (Environment v). An environment v : H x A — AE maps
each history—action pair to a distribution over percepts. Given history &.; and
action ay:

o v(-|aeiar) is a distribution over &,

o v(es | ®eciar) € [0, 1] is the probability of percept e,

e the environment samples e; ~ v(- | &<iay).
We write v(ee;.;) := Hi:l v(ey | ®<par). This satisfies the chain rule: v(ee;.;) =
v(eesj—1) - v(ej | ®ij—1a;) or in the form we will usually use, v(ae1.1) = v(se<y) -
v(et | ®<tar). An environment is deterministic if v(e; | sectar) € {0,1} for

all e;, <4, a; (each percept is produced with certainty). We denote the true
(unknown) environment by .



Definition 0.4 (Interaction measure v™). When policy 7 interacts with envi-
ronment v, the joint probability of a history segment ae;.; given past ae; is

J

V(i | i) o= | 7(ak | eck) vier | 2ckar).
k=i

0. Properties of Measures

Exercise 0.1 (Factorization). [05] Show that v™ (&) = m(&e14) - v(ee1:).

Solution to Exercise 0.1

Expanding the definition: v7(2e14) = [[heym(ar | ecp)vier | secpar) =

¢ t
H m(ag | eecy) - H vieg | ecpak).
k=1 k=1

7'1'(&1;1) V(%l:t)
Key observation: m(ee;1.) is the same regardless of the environment. When com-
paring v™ and p™, the policy factors cancel.

Exercise 0.2 (Chain rule). [05] Show that v(ee1.) = v(e<) - v(er | eciayr).

Solution to Exercise 0.2
From the definition v(ae14) = [[4_; ¥(ex | ®<xax), split off the last factor:

t—1

v(et) = H vieg | eecpar) - vier | ®ctar) = v(oect) - v(e | ®ctay).
k=1

Exercise 0.3 (Marginalizing percepts). [03] () Show that > _ v"(ate: |
EE<t) = 7r(at ‘ 33<t)'



Solution to Exercise 0.3

From Definition 0.4, the one-step interaction is v7 (ae; | eect) = w(ar | s<t) v(et |
®cay). Summing over ey

Zuw(atet | ect) = m(ay | <) Zl/(et | ;ecrar) = m(ay | ecy).

€t €t

=1

Interpretation: after summing out the environment’s response, only the agent’s
action probability remains.

Exercise 0.4 (Deterministic interaction measure).  [05] () Let m be
a deterministic policy, i.e. at each history s there is a unique action a;, with
m(a} | ®@<x) = 1. Show that, provided a;.; is consistent with 7 (i.e. ar = aj, for
every k € {i,...,j}):

V(e | i) = v(egj | i),

i.e. on m-consistent futures the interaction measure reduces to the environment
measure: every policy factor is 1.

Solution to Exercise 0.4

Since 7 is deterministic, m(ay | se<r) = [ar = aj]. By hypothesis 2;.; is m-
consistent, so every such bracket equals 1. From Definition 0.4:
J
V(e | i) = [[mlan | @ak) vien | cnar)
k=i ]
J
= [Iv(erlecrar) = viw; | =),
k=i

where the last equality is the natural segment extension of v(ee1.) := [[h_; v(er |
@< ar).

Exercise 0.5. [05] (General chain rule for ™) Show that for any p < ¢ <r:

Vﬂ(aepzr | ae<p) = Vﬂ(aep:q | ae<p) : Vﬂ(aqurl:r | X<p 3ep:q)-



Solution to Exercise 0.5

Sp(iit the defining product v (sepr | ®<p) = [[}—, m(ak | <k) viey | crar) at
index g¢:

T
VT (epir | 2cp) = H m(ak | @<k) v(e | @<rar)
k=p
q r
= [ m(ax | @cr) vier | @apar) - [ mlan | 2c) vier | ecrar),
k=p k=q+1
VT (2p:qlee<p) VT (g+1ir|@<p ®piq)

identifying each block as a conditional via the same expansion: the past for step
k > g+ 1 is the given history s, extended by the first chunk aey.,.

Note: for a deterministic policy, Exercise 0.4 simplifies this further: each factor
m(ay | ®<k) v(ek | ®e<ray) becomes just v(ey | <y aj).

The Bayesian Mixture and Value Function

Definition 0.1 (Model class, prior, and Bayesian mixture £). Let M =
{v1,v9,...} be a countable class of environments with prior weights w, > 0
satisfying >, .\ wy, < 1. We assume p € M.

The Bayesian mixture ¢ is defined as

£(ee1:4) := Z wyv(eery) and (et | @cpar) = E(ee1e) /(<)

veM

One can show that the one-step predictive distribution can be written as

Eler | arar) = ) w(v | e vier | @car),
veM

where the posterior weight is
wv | &) == wy

See Appendix A for a worked example.



Definition 0.2 (Expectation ET). For a function f : H — R of a finite future
segment &}, :

Elf |ect] = B [f] = ) (el | ct) feen).
®p:m~VT(|e<t) "
tim
For functions f of the infinite future (like the value function), with a sequence
f1, f2,... — f, where f,, depends only on &}.,,, we define ET[f | <] =

hmmﬁoo Eg[fm ’ 38<t]a

Definition 0.3 (Discounted return Gy.,). Fix a discount factor v € (0,1), held
constant throughout. The discounted return at time step ¢, up to horizon m,
is

m
Glom = Z A e = e+ Y
k=t+1

Since v is fixed we drop it and write Gty = sz It satisfies the recursion
Gim = i1 + ¥ Ger1m, with Go—1.y = 7, and Gpy, = 0 for n > m. The
infinite-horizon return is the pointwise limit

with the clean recursion G>¢ = ri+1 + 7 G>¢4+1 and no boundary cases.
Definition 0.4 (Value function®). The value of policy 7 in environment v with
horizon m > t given history s, is

Vuﬂ7m(%<t) = (1 - ’Y) Eg[Gt—lzm ‘ %<t]
= (1 - 7) Z Vﬂ(%t:m | %<t) Gt—l:m

Xt:m
m
= (1-7) Z V™ (t:m | 20<t) Z’yk_trk] :
Xt:m k=t

The infinite-horizon value is the pointwise limit V"% (<) =
limy, o0 Vi (<t) = (1 — ) ET[G>i—1 | 2e<t]. We write V7 = V7 for short.
The optimal value is V""" (se<;) := sup, V""" (2e<;) for m € NU {cc}, with
V¥ =V, An optimal policy 7 satisfies V,,Tr; = V. The Bayes-optimal
policy is 7¢ € argmax, V™.

“See Appendix A for a worked example. For simplicity, we consider only geometric discounting.



*The optimal value is defined as a sup over policies. In general, a supremum need not be
attained (e.g. sup,¢(o,1) * = 1 but no x € (0,1) achieves it). Section 2 shows that the sup is
attained in our setting.

Remark (AIXI)

All results in this sheet hold for any countable M and prior weights w,,. AIXI is
a special case of the Bayes-optimal policy ﬂ'g for the particular choice M := the
class of all lower-semicomputable chronological semimeasures, and prior w, =
2-K(W) where K (v) is the Kolmogorov complexity of v: the length of the shortest
program that computes v. The resulting agent is written WEU, or simply AI¢.
Why this M? By including every computable environment, the assumption
€ M reduces to “the universe is computable”: as weak an assumption as one
can make.

Why this prior? The prior 25" is dominant: for any other computable
prior w/,, there exists a constant ¢ > 0 such that 2=5K®) > ¢/ for all v.
Caveat: The constant ¢ depends on the choice of universal Turing machine U,
and adversarial choices of U can make AIXI behave arbitrarily badly [LH15].
See [HQC24]: Chapter 2.7 for Kolmogorov complexity, Chapters 3.7-3.8 for the
model class and universal prior, and Chapter 7.4 for AIXI itself.

1. Properties of the Bayesian Mixture

Exercise 1.1 (Posterior update). [10] (%) Show that the posterior updates
multiplicatively:

zx(et ‘ ae<tat)

wv | 1) = wv| ae<t),§(et | ®ectar)

Hint: Use the definitions of w(v | &;.+) and w(v | <), and apply Exercise 0.2.

Solution to Exercise 1.1

From the definition: w(v | ee1.4) = wy - v(ee1)/E(e1) and w(v | secy) = wy -
v(eet)/E(2ext).
Dividing:

wv | @)  v(en) (o)  vie | ®aa)

wv | eey)  viee) (o) Ele | eaar)’

where we used the chain rule (Exercise 0.2) for both v and &.




Exercise 1.2. [15] (One-step predictive distribution of &) Starting from
§(ee1:t) = D, WV (21:), derive the one-step predictive form:

Eler | arar) = ) w(v | @) vier | @car).

veM

Hint: Write £(e; | seciar) = &(201:4)/&(2e<t), expand the numerator, and use
Exercise 0.2.

Solution to Exercise 1.2

The one-step conditional is the ratio of joint to marginal: £(e; | &<iay) =

JCIMRICINE

Expanding the numerator using £(ee14) = >, wyv(ee1:):

> vem Wo V(@)

5(89<t)

= 2y v V(<) vier | @) (chain rule, Exercise 0.2)

5(38<t)

f(et | 89<tat) =

(e
= Z <t) V(e | eciar)
§ 38<t
N———
=w(vle<t)

— Z w(v | ecy) vier | ®ctar).

veM

Exercise 1.3 (Bounded value). [10] Show that V"™ (&) € [0,1] for any
v,m,m € NU {oco}, <.

Hint: Recall the formula for geometric series: (1 —7) Y, _, vk =1 —ntl,

Solution to Exercise 1.3

Since 7 € [0, 1], each discounted reward sum is bounded:

m
0 < (1_7)Gt71:m < (1—7)Z’Yk_t = 1—’)/m_t+1 < 1.
k=t

10



The interaction measure satisfies v (ee}.,, | &<¢) > 0and >, v (e}, | ®<t) =

m

1, so the value function is a weighted average of terms in [0, 1]
0 < Vl/ﬂ—’m(ee<t) = Z Vﬂ—(aegfzm | %<t) (1 - ’Y) Gi-1m < 1.
££:77L

For m = oo: since 0 < V""" (&e<;) < 1 for all finite m, the limit V" (ae<;) =
limy, 00 Vi7" (22<¢) also lies in [0, 1].

Exercise 1.4. [15] (*) (Multi-step posterior linearity of (™) Extend Exer-
cise 1.2 to multi-step histories: show that for finite m > ¢,

éﬂ-(of‘@t:m | %<t) = Z w(V | %<t) Vﬂ-(%t:m ‘ ae<t)~

veEM

Hint: Apply the general chain rule (Exercise 0.5) to &(ee1.m) = D>, wyv(21:m),
then use factorization (Exercise 0.1).

Solution to Exercise 1.4

Start from the definition §(ee1.:m) = >, e Wy V(21:m). Apply the general chain
rule (Exercise 0.5) to both sides: &(2e1.m) = §(se<t) - {(®rm | <t) and v(ee1.m) =
v(gct) - V(eepm | ®<t). Dividing by &(se<y):

v(ee
§(epm | <) = Z e <t v(eetm | eect)
veM <t
= Z w(v | sect) v(enm | e<t).
veM

Now multiply both sides by m(&m | s<¢). By factorization (Exercise 0.1),
T(&®pm | ®<t) - E(@pm | 8<t) = £ (21 | 22<¢) and likewise for each v:

(@ | ar) = Y wv | 2cr) VT (800m | 0<t)-

veM

2. Existence of Optimal Policies

Recall that V(<) := sup, V[ (se<;) is defined as a supremum over all policies. In
general, a supremum need not be achieved: for example, Sup,e,) & = 1, but no
x € (0,1) attains this value. This problem shows that in our setting, the supremum is

11



attained, so an optimal policy 7, with Vf; =V exists.

Exercise 2.1. [05] Consider a single time step. Given history &4 and a
function @ : A — R, show that sup, > . 47(a | <) Q(a) = max,cs Q(a),
and that the supremum is attained by the deterministic policy that places all
probability on an action achieving the maximum.

Solution to Exercise 2.1

Let a* € argmax, 4 Q(a’), which exists because A is finite. So Q(a*) =
maxy Q(a’).

Upper bound. For any 7: > m(a|e<)Q(a) <Y ,7(a|ee<)Q(a*) = Qa").
Lower bound. The deterministic 7* with 7*(a* | &e<;) = 1 achieves Q(a*).
Combining: sup, >, 7(a)Q(a) = Q(a*) = maxy Q(a’), attained by 7*.

Exercise 2.2 (Bellman equation). [15] Show that for finite m and ¢t < m:

V" (eect) ZV 2y | et [(1— e + ’YVuﬂ’m(ae<t38::)]7

Hint: Use the general chain rule (Exercise 0.5) to peel off the first step,
Vﬂ(&t:m | %<t) = Vﬂ—(%t | %<t) : Vﬁ(%t-‘rl:m ’ EE1:t)-

Break up the sum > . =~ = > .5, . and factor out r; using

>

/ .
A V(&) 1., | ) = 1 for any history ze.

Solution to Exercise 2.2

Step 1: Factor the future. Write &}, = aej &, 1.,: V" (h,, | &) = V7 (e} |
@ct) V(&) 1, | @<t ).

Step 2: Splz’t the reward sum. This is just the return recursion (Definition 0.3):
Gi—1:m =i + 7 G, where Gi_1.p, = Y o t'yk by is the return given .
Step 3: Substitute into the definition of V,,° (3e<t).

Vuﬂ-’m(ae<t = ZV %t ’ 33<t Z <%2+1:m ’ X<t %:‘,)

aez+1 m

X [Tt —|—’}/Gt;m] .

12



Consider the inner term Zae't+1-m V(&) 1 | @<t oe}) [rf +YGrm]. We can ex-
pand as:

= Z VT (1 | <t )T+ Z 3et+1m | et })Grim

/
it 1im aet+1'm

o e /
=T E VT (e Zreey) +y E (@1 | <t ) Grm
2} 77 aet+l:'m

= Tl/f +7 Z Vﬂ—(%g—&-l:m | X<t &;)Gt:m

/
Lii1m

/ ) / ™ / /Y 3
as r; doesn’t depend on &} ..., and Z%Qﬂ:m V(@) 1. | <t 2e}) = 1. Inserting
this above, we obtain:

Vi) = 3 (e | ) [(1 i

Exercise 2.3 (Backward induction). [20] (%) Using the Bellman equation
from Exercise 2.2 and Exercise 2.1, show by backward induction on ¢t = m, m —
1,...,1 that for each finite m, a deterministic optimal policy exists.

Solution to Exercise 2.3

We induct on t = m,m — 1,...,1, showing that for every history s, a deter-
ministic policy achieves V,"" (ae<¢).

Base case (t = m): At t = m the continuation term vanishes (the value from
time m + 1 is an empty sum), so the Bellman equation gives V=" (ae<m) =
(1 =) Xy V(&0 | 2<m) 7y, Splitting the step e, = aj,€;, via V7 (], |
®am) = T(ar, | @am) v(en, | @amay,) gives V"™ (@am) = (1 —7) 32, (ap, |
®am) Do V(en | ®amay, )r,’n This has the form ), m(a)Q(a) with Q( ) =
(1—7) Ze, v(el, | ®<ma)r,, which is independent of w. By Exercise 2.1, the
supremum over 7 is max, Q(a), attained by the deterministic policy playing
a* € argmax, Q(a).

Inductive step: Suppose that for every history of length ¢, there exists a determin-

istic policy 7}, ; achieving V, Tk V™ from time ¢+ 1 onwards. Substituting

13



this optimal continuation into the Bellman equation from Exercise 2.2 gives

Vo (eect) ZV (21 [ aece) [(1L =) 7 +y VI (s )]

Splitting the step &) = aje; via v™ (&) | &<t) = 7(a} | ®<t) V(e | ®<ra}) and
grouping the percept sum into the action weight:

Vi (eat) = ZW(GQ | &<t) Q(ay),

where Q(a}) = >l v(e, | ecal)[(1 — )7, + v Voo™ (et @) €})] is independent
of m (the continuation value V,”™ is fixed by the inductive hypothesis). By
Exercise 2.1, sup, 3, m(a;) Q(a;) = max,; Q(a;), attained by the deterministic
policy playing aj € argmax,, Q(a}) at time ¢, then following 7, ;.

Exercise 2.4 (Bellman optimality equation). [10] Using Exercise 2.3,
show that for finite m:

VoM (ear) = max Y v(eh | maa) [(L=)rf + 7V ().
t /
€t

where e;, = ojr; and &) = aje}.

Solution to Exercise 2.4

By Exercise 2.3, a deterministic optimal policy 7% exists with V' pm v,
Substituting = 7} into the Bellman equation from Exercise 2.2 (using V""" =
V"™ on both sides):

V™ (eet) ZV (a0 | et [(1 =)+ Vo (e 362)]'

*

Splitting the step &} = aje; via v™ (&} | ee<y) = m)(a) | <t) v(e) | ®ciay):

*m
V™ (eext) E T, at|3e<t

x Y wlep Laecia) [(1L =) 71+ 7 Vi @y ap ).
€t

14



Since 7}, is deterministic, let aj denote the unique action with 7} (a; | se<t) = 1.
Then:

Vi ea) = D ov(eh | weaf) [(1= )11+ 7 V" (et af o).
€
Define Q(a) := 3 . v(e} | ecia)[(1—7) ri+vy V"™ (ecrae})]. Then V'™ (secy) =
Q(a;). We must have Q(a;) = max, Q(a): if some a had Q(a) > Q(a}), then
the policy that plays a at s« and follows 7}, elsewhere would achieve value
Q(a) > V""" (se<y), contradicting V"™ = sup,. V""", Hence:

VM (eear) = H}gXE v(ey | eciay) (1 =) g+ V" (ecr apey) |-
t /
€

Exercise 2.5. [15] (*) (Existence of V) Show that the pointwise limit
V¥ (se<t) := limy, 00 Vi7" (22<4) exists for all histories se;.

Hint: Show V"™ (aesy) > V™ (<) by expanding V"™ t!. Use this and
Exercise 1.3 and Monotone Convergence Theorem to obtain the result.

Solution to Exercise 2.5

We show V""" (sey) > Vo™ (sey) for all aeoy. Since V™ = sup, V" i
suffices to show V7" (aeoy) > V7™ (se<y) for every . Expanding the definition:

VVTr,m—i-l (o’?<t)

= (1-9) Z VT (em+1 | @<t) Giotim+1

Xt:m+1
= (1=9) > V(@emr1 | 2ct) [Giorm + 4™ e
Xt:m+1
= (1 _7) Z Vﬂ—(%t:m—‘rl | %<t)Gt—1:m
Xt:m+1
+ (1 - 7) 7m+1_t Z Vﬂ—(a%t:m+1 | %<t) "m+1 -
Xt:m+1
>0

For the first term, marginalize over a,,+1, €m+1 (which Gy_1.,, does not depend
on):

Z Vﬂ(eet:m-‘rl ’ 33<t)Gt—1:m = Z Vﬂ(%t:m | %<t)Gt—1:m‘

Xt:m+1 Xt:m

15
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So Vvﬂ’m+1(39<t) >(1-=) det:m VT (m | <t)Grtam = Vi (20<t).

Since V"™ (a&~¢) is non-decreasing in m and bounded in [0,1] by Exercise 1.3,
the monotone convergence theorem gives that V (se<) := limy, 0o Vo' (<)
exists for each sey.

Exercise 2.6 (Infinite-horizon Bellman optimality equation). [10]
Show that the Bellman optimality equation (Exercise 2.4) extends to m = oc:

Vi(mer) = max 3 ulel | mad) [(1 =) 7h + 7 Viwaale)].
@ ’
&

Solution to Exercise 2.6

By Exercise 2.4, for every finite m:

Vo) = H}f&‘XZV(@Q | eeciay) (1 =)y +y V)" (i apey) |-
t ’
€t

By Exercise 2.5, each V;""'(+) converges pointwise to V,*(-) as m — oco. Since A
and & are finite, the max and ) are over finitely many convergent terms, so:

V(<) = HZE}XE v(ey | aiay) |(1 =) ry +v V) (et ajep) |
t /
€t

Exercise 2.7 (Optimal policy for infinite horizon). [25] (*) Show that
a deterministic policy 7 exists achieving V™ (se<;) = V. (se<;) for all aey.
Approach:

(a) Define 7} as the greedy policy (the arg max action from Exercise 2.6).

(b) Write two Bellman equations: one for V,}, one for Ve,

(
(

)
c) Define AV" :=V — V,f; "™ and obtain a recursive equation for it.
d) Iterate out to the finite horizon, noting Vf;’m(aelzm) =0 (why?)

)

(e) Bound the tail, take m — oo.

16



Solution to Exercise 2.7

Step 1: Define the greedy policy. For each history se.¢, let

af € argmax 3" w(e) | waal)[(1— )7+ Vi (e al )],
a; e,

which exists because A is finite. Define the deterministic policy 7} (a | se<t) :=
[a = a;]. By Exercise 2.6, the infinite-horizon Bellman optimality equation
becomes:

Vi(mar) = Y owler |arad)[(L=7)r)+ 7V (marap ef)].

!
€t

Step 2: Error recursion. The Bellman equation (Exercise 2.2) holds for any
policy, so for 7}, at finite horizon m:

Vi a) = Y vlel | waaf) [(1= 7)1+ V"t af €f)].
€
Subtracting this from the equation in Step 1, the (1 — +) r} terms cancel:
Vi(ar) = VoM () = ’YZ v(ey | <t ay)
€
x Vi (eecraf el) = V7o (e ap o).
The error at time t is v times a weighted average of errors at time t + 1.

Step 3: Iterate the contraction. Write AV (se<y) := V(o) — V,,W‘t’m(ae@) >0
for the error. Step 2 gives:

AVMwey) = v vle) | wara)) AV (e af €f).

!
€t

Applying the same recursion at time ¢ + 1 (with greedy action af,, at history
Ecta €)):

AVM(ear) = v Z v(ey | et af ZV(€2+1 | <t a €paiiq)

€t+1
m * I % /
XAV (o<t ay €y azyq €pqq)-

After m — ¢ + 1 iterations, summing over all percept sequences €}.,,:

AVMeeey) = ™Y (HV er | &y, ak)) (2t 2 ),

etm

17



* el is the history segment generated by 7). By Ex-

ercise 0.4, the product of v-conditionals is v™ (e}, | @<). At the bound-

where &), = aje), - a

ary, V,,Tr;’m(aeq ®}.,,) = 0 (summing over no rewards past horizon m), so
AV (e ).,,) = Vi (eecr ).,,) € [0,1]. Therefore:

AV Mwar) = ™Y v (@ | ) V) (e )y,) < 47T

/
Btim

Step 4: Take m — oco. Since 0 < V(secy) — Vfﬁ’m(aeq) < 4m=tl 45 0, we have
VM (eey) — Vi(seay), ie. Vv = V7,

Dominance of the Bayesian Mixture

Exercise 3.1. [03] Show that &(se<;) > w, - v(se<) for every v € M.
Solution to Exercise 3.1

E(eecy) = ZV’EM wy/ () > wyv(eey).

Exercise 3.2.  [10] Conclude that " (&1.m) > wy, - V™ (1. ) for any v € M
and any policy .

Solution to Exercise 3.2

By Exercise 0.1: £™(®1.4m) = m(21m) - &(@1:m) > m(®1m) - W (R14m) = Wy -
V™ (e1:m)-

Properties of V;

Exercise 4.1. [15] Show that for finite m:

ViMeea) = Y wv] sec) Vo™ (ec).
veM

Hint: Use the multi-step posterior linearity of ™ (Exercise 1.4).
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Solution to Exercise 4.1

By Exercise 1.4: ™ (eepm | ®8<t) = Y, w(V | tect) VT (84m | #<¢). Multiply both
sides by (1 — 7)Gt—1., and sum over all &y.,:

‘/§W7m(ee<t) = (1 - 7) Z gﬂ—(%t:m ‘ aa<7§)C;'1571:m
= (1= Z Zw(’/ | ect) VT (Rtm | @<t) | Gr—1:m
= ZW(V | @<t) (1 =) Z v (@t | 2<t) Gi—1:m -

= V"™ (wat)

In the last step we exchanged >~ and }_ ; this is valid because both are sums
of non-negative terms (or, for finite m, the sum over e, is finite). So:

Vi (eat) = Z w(v | seat) VO™ (e<t).

veEM

Fact 4.1 (Dominated convergence for sums). If a,,m — a, as m — oo for each
v, and |aym| < b, for all m with ) b, < oo, then Y aym — >, a,. (For
finite sums this is trivial.)

Exercise 4.2 (Infinite-horizon linearity). [17] (x) Show that the result
extends to m = oo:

Vi (e<t) = Z wv | <) V] (e<y).
veM

Hint: Take m — oo in the finite-horizon result. You will need Fact 4.1 to
exchange limit and sum for countably infinite M.

Solution to Exercise 4.2

The left side converges: Vg’m(aeq) — Vi (<) by definition.

For the right side, we need to push lim,, ,o, through ) . If M is finite this is
immediate. For countably infinite M, we apply Fact 4.1 (dominated convergence
for sums):

e For each v: ay; == wv | &) Vi7" (ct) — w(v | @) V() as
m — 0o by definition.
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e Domination: |ay,| < w(v | <) -1 =: b, for all m, since V"™ € [0,1]
(Exercise 1.3).

e Summability: > b, =) w(v|ae)=1< co.

So Fact 4.1 gives:

Vi(ma) = lim S w(y | ma) Vi ea) = 3wl | ) Vi (ma).

Exercise 4.1 shows VE s linear in v. The optimal value Vé* is only convex: a single
policy must perform well across all v € M simultaneously, rather than being tailored
to each v individually.

Exercise 4.3.  [10] (x) (Convexity of V) Using Exercise 4.1, show that for
finite m:

ViMea) < ) wv | o) V) (@),
veM

Hint: Apply Exercise 4.1 with 7 = 772‘, the Bayes-optimal policy for .

Solution to Exercise 4.3

By Exercise 2.3, a deterministic Bayes-optimal policy ¢ exists with V;g’m =
V;’m. Applying Exercise 4.1 with 7 = 772‘:

T5m x

Vi () = Ve () = Z wv | ea) Vot ().
veM

Since 7rg is optimal for & but not necessarily for each individual v, we have

V:g’m(aeq) < V,"™(se<y) for each v. Since w(v | &) > 0:

ViMea) <Y wlv | ec) Vo (@)
veM

Exercise 4.4. [15] (+) (Non-linearity of V;*) Show by example that the
inequality in Exercise 4.3 can be strict, i.e. ng is not linear in v.

Hint: Consider M = {vy,11}: predicting a two-headed coin vs. a two-tailed
coin.
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Solution to Exercise 4.4

Coin-flip prediction. Let A =0 =R = {0,1}, M = {vp, 1} with w,, = w,, =
, horizon m = 1. Environment v; always shows outcome ¢, and the agent is
rewarded for a correct prediction:

viler | ecray) @ op =i, 1= [ar=1].

In v; the optimal policy plays a; = i, achieving V,,"™ = 1. In £ = 1/0 + Vl the
outcome is a fair coin flip, so no policy predicts better than chance V = 5.
Therefore:

2 Vs

98
N
N
|
N
—_
_|_
[N
—_
Il
—_
vV
D=

= V;’m(ffkt)'

5. The Expectimax Form of AIXI

We have specified AIXI only implicitly, as the Bayes-optimal policy ¢ (Definition 0.4).
We now unroll this definition into the explicit expectimax expression: an alternating
sequence of maximizations over actions and &-expectations over percepts.

Exercise 5.1 (Expectimax form of AIXI). [20] By iterating the finite-
horizon Bellman optimality equation (Exercise 2.4), show that

Ve = (1-—
§Mea) = (L= y)max} g(er | mauar) max Y E(ers | @riiare)

€t €t+1

- - max E f(em | 38<mam) Gt-1:m
am
€m

and hence, collecting the percept factors with the chain rule (Exercise 0.2) and
taking m — oo (Exercises 2.5 and 2.7), that AIXI selects the action

ar = 7T>£k (%<t)

€ argmax lim g max g -max E E(etm | @<t apm) Gi—1:m
m—00 at4+1 am
€t+1 €m

Hint: Prove the first display by backward induction on ¢ from m down to 1, using
the finite-horizon Bellman optimality equation (Exercise 2.4) and the return
recursion Gy_1., = 1t + 7 G.m (Definition 0.3). At each step the leftover reward
term (1—7) 7 is constant in the deeper variables; carry it inward using >, (e |
ecrar) = 1 and ¢ + max(-) = max(c+ -).
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Solution to Exercise 5.1

Abbreviate the one-step predictor & := &(ex | e<ray), and write the expecti-
max operator over steps ¢,...,J as

max

> = max E & max g &1+ - -max E &
iy a; Qi+1 a;j

- €5 €i4+1 €5

the alternating “maximize over the action, average over the percept” chain, with
max

the & weights built in; the single step is » = maxg, >, &. Two facts:
k

max max max
e (E1) Composition: >, = > >, by nesting the definition.
i iitly

e (E2) Affine pass-through: for any ¢ € R and A > 0 not depending on

(ai,ei,...,aj,ej),
max max
cHA S X = 3 (c+AX),
2] ]

since each layer has 3, & =1 (so >, &(c+AY)=c+ A} &Y) and
max,(c+ Ag(a)) = ¢+ Amax, g(a) for A > 0.

We prove by backward induction on t = m,m — 1,...,1 that

max

Ve () = (1—7) tE Gi1:m-

Base case t = m. Here Gp_1.m = 7 and Vg’m(aehm) = 0 (the return past the
horizon is empty, Gy = 0). The Bellman optimality equation (Exercise 2.4)
for v = £ gives

max

VM (@) = max Y &n[(1—7)rm+7-0] = (1-7) > Grotim:

max

Inductive step. Assume the claim at time t+1, i.e. V?’m(aelzt) =1-y) > Gim
t+1:m
for every length-t history (recall se<44+1 = #1.t). The Bellman optimality equation

(Exercise 2.4) at time ¢ reads
*,m max *m
Ve (eeat) = Zt: [(1—7)7“:5-1-7‘/5’ (2e1:0) ]

Substituting the inductive hypothesis and pulling out (1 — =),

. max max
Vel () = (1=1) ; [Tt+’7t; G-
+1:m
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As r; and v do not depend on (agt+1, €41, .-, am,€m), property (E2) carries
them inside the inner operator, and the return recursion Gy_1.,, = 1 + 7 Gr.m
(Definition 0.3) gives

max (EQ) max max
T+ 7y Z Gt:m = Z (Tt + v Gt:m) = Z thlsm-
t+1:m t+1:m t+1:m

Recombining the two operators by (E1),

max max max

%*7m(%<t) - (1_7) Z Z Gt—l:m = (1_’7) ;ﬂ Gt—l:m7

t  t+1m
which expands back into the max /) layers of the first display.

Infinite horizon and the action. Taking m — oo (Exercises 2.5 and 2.7),

Gi—1.m — G>;—1 and the chain extends indefinitely, so Vé*(ae<t) = (1 -
max

v) Y. G>¢—1. Collecting the per-step factors by the chain rule (Exercise 0.2,
t:00

iterated), [[ie, &k = &(€tm | ®<t apm). A Bayes-optimal action maximizes this

expression; peeling the outer max,, off as an argmax and dropping the positive

constant (1 —+) (which does not move the maximizer) gives the stated action.

On-Policy Value Convergence

The following problems prove the first two main results: on-policy value convergence
(Section 7), and that AIXI can’t be fooled in deterministic environments (Section 8).
The path to the self-optimizing property (advanced stretch goal) resumes at Section 9.

6. Bounding Expectation Differences by Total Variation

Definition 6.1 (Total variation distance). The total variation distance be-
tween probability measures P and ) on a countable set Q is TVq(P, Q) =

supgcq [P(S) — Q(S)|, where P(S) :=3_,cg P(w).

Definition 6.2 (Expectation under P). For a probability measure P on a
countable set 2 and a function f : @ — R, the expectation of f under P

is Ep[f] = Ypeq f(w) P(w).

The following technical lemma is needed for the on-policy value convergence proof.
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Exercise 6.1. [15] (%) Let f : Q@ — [0,c]. Show that |[Ep[f] — Eg[f]| <
c-TVa(P,Q).

Hint: Define AT = {w € Q : P(w) > Q(w)} and decompose the expectation
difference as a sum over AT and its complement A~ = Q\ AT,

Solution to Exercise 6.1
Write out the expectation difference using Definition 6.2:
Ep[f] - Eqlf] = %f(w)(P(W) ~Qw))-
Define AT := {w € Q: P(w) > Qw)} and A~ := Q\ A, and split the sum:
Ep[f] - Eqlf] = D fW)(PW) —Qw) + Y f(w)(Pw)-QWw)).

weAT weA~
Bounding the sum over AT. On A™, P(w) — Q(w) > 0 and f(w) < ¢, so:

Y fw)(Pw) - Q) < ¢ Y (Pw)-Qw))

weAt weAt
¢ (P(AT) = Q(AT))
¢+ sup [P(S) — Q(5)]

C'T\%ﬂfﬂ@”.

IA I

Bounding the sum over A—. On A~, P(w) — Q(w) < 0 and f(w) > 0, so every
term f(w)(P(w) — Q(w)) < 0

> fw)(Pw) - Qw)) < 0.

wEA~
Combining. Ep[f] —Eq[f] <c¢-TVq(P,Q)+0=c-TVq(P,Q).
The other direction. Swapping P and Q: define A* = {w: Q(w) > P(w)} = A~.
The same argument gives Eq[f] — Ep[f] < c¢-TVq(Q, P) =c-TVq(P,Q).
Therefore |Ep[f] — Eq[f]| < ¢- TVa(P,Q).

7. On-Policy Value Convergence of Bayes

The following definitions are needed for the on-policy value convergence theorem.
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Definition 7.1 (Probability of events). A finite-length event is a set A C
(A x E)! of histories of fixed length ¢. Its probability under v™ is

VT(A) = ) V().
®1:.4EA

An event on infinite histories is any set built from finite-length events by
countable unions, intersections, and complements.® Probabilities of such events
are uniquely determined by two properties:

e Normalization: v™((A x £)) = 1.

e Countable additivity: if Aj, As,... are pairwise disjoint events, then
Vﬂ( Unza An) = 1 VT (An).

From these, all standard rules of probability can be derived (e.g. v"(AU B) =
vT(A) +v™(B) — v"(AN B), etc.), though we will not prove them here. Two
derived properties we use explicitly:

e Complement: v™(A°) =1—v"(A).

e Monotone limits: if A7 C Ay C ---, then V’T(Uzozl An) =
limy, 00 v™ (4y).

Further useful notions:

e Conditional probability: The probability of event A given observed
history s, is
v ({&e<th : h € A})

V™ (se<t)

V(A | seey) =

“We are deliberately avoiding a formal treatment of measure theory here. Not all subsets of
(A x £)°° are measurable; we restrict to “nice” (measurable) sets built from finite-prefix
conditions via countable set operations, which suffice for everything in this sheet. For a
rigorous treatment using o-algebras and probability measures, see [HQC24, Chapter 2.2].

Example 7.2 (A fair coin shows 1 infinitely often). Let A = O = {0,1}, R =
{0}, and let v be a fair coin that ignores the action: v(o; = 1 | &<y az) = 3 for
all &4, a;. Consider the event F' := “o; = 1 for infinitely many ¢”.

Step 1: Build F¢ from finite-prefiz events. For each ¢, the set {o; = 0} := {&e1 :
o = 0} is a finite-length event. For each N and T" > N, the set Dy =
ﬂsz{ot = 0} is also a finite-length event (determined by time 7T'). Define
Cn = Nioy{or = 0} (“all zeros from time N onwards”): this is an infinite-
history event, built as a countable intersection of finite-length events. Then
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F¢ = Jx-1Cn (“eventually all zeros”).

Step 2: Compute v"(Cyn) = 0. Since Dy 2 Dnry1 2 --- (adding more
constraints), the monotone limit property (for decreasing sets) gives:

v"(Cn) = TIEI;OV”(DMT) = Tlim (%)

(The probability v™ (D) = (1/2)7=V*1 is independent of 7, since v ignores
actions.)

Step 3: By countable additivity: v™(F¢) < > %_; v"(Cn) =0,s0 V™ (F) =1. A
fair coin shows 1 infinitely often, almost surely.

As such, F¢ (the set of all infinite histories containing only finitely many 1s) is a
v™-measure-zero set. Such histories “exist” as infinite sequences, but occur with
probability zero.

Definition 7.3 (Covering!). We say Q covers P if Q is positive everywhere P
iss P(A) >0 = Q(A) > 0 for all events A. Equivalently: any event that @
rules out, P also rules out. By Section 3, £™ covers u™.

Definition 7.4 (Convergence v™-almost surely). Let f; : H™! — R be a se-
quence of functions, where f; depends on the history s.; of length t — 1. We
write fi(ee<;) — 0 v™-almost surely (v™-a.s.) if

Vﬂ({%lzoo s fe(eet) A 0}) = 0.

This set is built from finite-prefix conditions: {fr +» 0 =
Us N Uy {Ifi(eece)] > L}, so its probability is well-defined (Defi-
nition 7.1).

Example 7.5 (Unpacking “f; /4 07). The set {f; # 0} looks intimidating, but
it reads naturally from the inside out:

o {|fi(ee<)| > L} is a finite-length event: “at time ¢, the function is at least
% away from zero.”

o Uy {Ifil > 1}: “at some time ¢t > N, f; is at least 1 away from zero.”

e NX_ U N {Ifi] > L}: “for every N, there is some t > N where f; is at
least % from zero”, i.e., f; exceeds % infinitely often.

'The standard name is absolute continuity of P with respect to @, written P < Q.
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o Ui NNvoi Uy {Ifel > L}: “for some £ > 0, f; exceeds 1 infinitely
often.”

This last condition is exactly {f; /4 0}: convergence f; — 0 means that for every
e > 0, |fi] < e for all sufficiently large ¢. Its negation is that some ¢ > 0 is
exceeded infinitely often.

Each layer is a countable union or intersection of the previous, so the whole set
is a well-defined event on infinite histories.

. J

The Bayesian agent uses the mixture £ because the true environment p is unknown.
A natural question: does planning with £ eventually become as good as planning with
u? The following theorem says yes: the value of any fixed policy m, as evaluated
by &, converges to the value under the true environment p, along histories that p™
actually generates.? This tells us that the Bayesian mixture “learns” to predict the
true environment’s value, on policy.

Theorem 7.6 (On-policy value convergence; [HQC24, Theorem 7.3.1]). For any
p € M and any policy m: V(<) — V[ (<) — 0 as t — oo, p™-almost surely.
That is, the set of infinite histories along which the value difference does not

vanish has p™-probability zero:

(i () ) £0)) =

The proof reduces to a finite-horizon TV bound (Exercise 7.1), a covering argument
(Exercise 7.2), and the Blackwell-Dubins theorem (Exercise 7.3). The only ingredient
we do not prove is Blackwell-Dubins itself, which we state as a given fact.

Exercise 7.1 (Finite-horizon TV bound on value difference). [10]
Using Section 6, show that for finite m:

‘Vw’m(%ot) - Vf’m(aeq)‘ < TVHM%H(SW(‘ | eect), " (- | 0‘9<t)),

where H™ 11 := (A x &)™+ is the set of all future history segments ..

Solution to Exercise 7.1

We want to apply Section 6. Identify:

o = H™ L = (A x &)™t the finite set of future history segments

Xtm-

2If the true environment is p then we don’t care about the behaviour of the Bayesian agent on histories
that have p™-probability zero: such histories will never be observed anyway.
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o P:=pu"(-| &) and Q := €™ (- | «¢), the conditional measures over €.

o f(eerm) = (1 — v)Gi—1.m, which satisfies f € [0,1] by Exercise 1.3 (so
c=1).

Then V""" (o) = Z%t:m V™ (pm | 2e<t) f(eerm) is exactly Ep[f] (for v = u) or
Eg[f] (for v = &). Applying Section 6:

VI (oct) = Vi (ee<t)| = [Eqlf] =Eplf]] < 1 TVyu-tna(P,Q).

Exercise 7.2 (Covering). [05] Show that {™ covers p” (Definition 7.3).
Hint: Use Section 3.

Solution to Exercise 7.2
By Section 3, {™(&e1.m) > wy, - 1" (81.,) for all histories and all m. So for any

event A: p"(A) >0 = £"(A) > wy, - " (A) > 0. Hence £ covers u”.

To complete the proof, we need the TV distance on finite segments to vanish p™-a.s. as
t — oo. This follows from the following deep result, which we state without proof:

Fact 7.7 (Blackwell-Dubins merging of opinions [BD62]). If Q covers P, then
supg |P(S | &<t) —Q(S | e<t)| — 0 P-almost surely, where the supremum ranges
over all measurable events S (including events on infinite histories).

The proof of Blackwell-Dubins requires the Radon—Nikodym derivative and Lévy’s
martingale convergence theorem: tools from measure theory that are beyond the scope
of this sheet. See [HQC24, Chapter 3.9] for discussion.

Exercise 7.3 (On-policy convergence). [15] Using Fact 7.7, Exercise 7.1
and Exercise 7.2, prove Theorem 7.6.
Solution to Exercise 7.3
Step 1: Finite-horizon bound. By Exercise 7.1, for each finite m:
’Vgﬂ’m(aeq) - V:’m(aeq)’ < TVHm—t+1(f7r(‘ | eect), " (- | 36<t))
> Sgp ‘fﬂ(s | se<t) — p" (S| 3e<t)|,

A

where the second inequality uses that the sup over subsets of H™*+! is at most
the sup over all measurable events.

28



Step 2: Take m — oo. The LHS converges to |V (ee<t) — VI (2e<t)| (by definition
of the infinite-horizon value as the pointwise limit). The RHS does not depend
on m. Hence

V& (eect) = Vil (o) | < sgp‘fﬂ(S | aece) — p(S | war)].

Step 3: Take t — oo. By Exercise 7.2, £™ covers pu™. By Fact 7.7 (Blackwell-
Dubins) with P = p™ and @ = &7, the RHS tends to 0 as t — oo, p™-a.s.
Therefore

‘Vgﬂ(aeq) — V(@) — 0 Ko -a.s.

I
Exercise 7.4. [40] (x) Prove Fact 7.7.

Hint: See [BD62]. The proof uses the Radon—Nikodym derivative dP/dQ,
Lévy’s martingale convergence theorem, and the Lebesgue decomposition. No
elementary proof is known that avoids graduate-level measure theory.

AIXI] Cannot Be Fooled in Deterministic Environments

Theorem 8.1 (AIXI cannot act poorly in good environments). If u € M is
deterministic and V) (2<¢) > e >0 for all t along the history generated by p and
¢, then Vf*(ae<t) > wye >0 forallt. [HQC24, Theorem 7.4.10]

Exercise 8.1.  [10] Show that V" (ee<t) > w(p | @<t) - Vi (2<t).

Hint: Use linearity of V7 (Exercise 4.2).

Solution to Exercise 8.1

By definition, V" (se<t) = sup, V" (ee<t) > Vg/ (<) for any policy 7. By Exer-
cise 4.2 (linearity of V™ in the environment):

Vgl(akt) = Z w(v | &) Vyﬂl(fﬂed)-
veM

Choose 7’ = 7, the deterministic optimal policy for u whose existence is guar-
anteed by Exercise 2.7:

Vi (ear) 2 Z w(v | ear) Vi ().
veM
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Every term is non-negative (w(v | se<;) > 0 and V,* > 0). Dropping all terms
except v = u:

Vi(eear) 2 wlp | mae) Vi (ct) = wip | 2e) Vi (0c).

Exercise 8.2. [15] Show w(p | ®<;) > w, when p is deterministic, and
combine with Exercise 8.1 to prove Theorem 8.1.

Solution to Exercise 8.2

From Definition 0.1, the posterior weight is:

t—1
p(ze<t) H _1 m(er | cpag)
wip | ee) = wy- =t = w, - =k =
[Tiz: &(en | ecrar)

§(e<t)
Since p is deterministic, for the history that p actually generates, u(eg |
®ecrar) = 1 for each k (the environment produces each percept with certainty).

So:

-1
pleect) = Hl = L
k=1

Meanwhile, (e | ®crar) < 1 for each k (it is a probability), so &(e<) =

[Tici €(en | ocpar) < 1.
Therefore w(p | ee<t) = wy, - 1/&(se<) > wy.
Combining with Exercise 8.1:

Vg(ae<t) > w(u\aeq)'V:(aeq) > w“-V:(aeq) > wy-e > 0.

Remark. With the Solomonoff prior, w,, = 275 () may be astronomically small. The

result guarantees non-zero value, not near-optimal value.

Sections 9-11: Self-Optimizing Policy (Finite Model Class)

We now prove: if any policy can learn to act optimally, 7T§ also learns. We restrict to

finite M = {v1,...,vn} where each v; is a proper probability measure.

9. Likelihood Ratios Are Martingales

The following definition and theorem state the main goal of Sections 9-11.
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Definition 9.1 (Self-optimizing). Fix a historic policy 7. A policy 7 is self-
optimizing for M with respect to 7 if for every v € M: V¥(ae<s)— V7 (2et) — 0
as t — oo, v"-almost surely.

The percepts e1.oo are sampled from v; the historic actions a~¢ come from T,
which may differ from 7.

Theorem 9.2 (Self-optimizing; [HQC24, Theorem 7.5.2]). Let M be finite and
fix a historic policy w. If there exists a 7 self-optimizing for M with respect
to w, then 7rg s also self-optimizing for M with respect to m: for any p € M,

Vi(ee<t) — V;g (<t) — 0 p™-almost surely.

Definition 9.3 (Supermartingale). A sequence of functions X; : H! — Rxg
(each depending on the history ee1.) is a p"-supermartingale if E,« [X; | 2] <
X;_1 for all t; that is,

> wlar | e<r) pler | <rar) Xi(mr) < Xi1(m<r).

2t

If equality holds, it is a y"-martingale.

Intuition. A supermartingale is a quantity whose expected future value, given the
present, is no larger than its current value: it cannot “drift upward on average.” A
martingale is the equality case: expected future value equals current value. The key
example is the likelihood ratio X, ;(ee1.) := v(ee1.4)/p(ee1:): how much more (or less)
likely the observed history is under v than under the true environment . Under p, this
ratio is a martingale: the true environment does not, on average, favour any alternative
v over itself. Non-negativity plus the (super)martingale structure forces X, + to converge
(by Doob’s theorem below), which is the engine behind the self-optimizing proof: it
lets us separate environments that remain plausible (X, » > 0) from those that are
eventually ruled out (X, o = 0), and handle each case differently in Section 11.

e )

Fact 9.4 (Doob’s supermartingale convergence). If (X¢)i>0 s a non-negative
w"-supermartingale, then there exists a function Xo : H> — R>q of the infinite
history such that Xi(&14) — Xoo(1:00) a8 t — 00, with Xoo(®1.00) < 00, for
uT-almost every infinite history &1.00. That is:

/ﬂ({aelm € (Ax E)® : Xy(oors) Xoo(aelm)}) — 0

. J

For each v € M, define the likelihood ratio

XV,t : Ht — Rzo, X,/7t(881;t) = V(Eﬁlzt), XV70 = 1.
p(eer:t)
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Xyt is a function of the history ze1.;, not a number: different histories give different
values. Throughout this section and the next, any unqualified statement of the form
“NXpp > ¢ or “Xyy — Xy is shorthand for “X, (1) > ¢ or “X, (ee14) —
Xy 0o(21:00)” holding p-almost surely, i.e. on every infinite history outside a set of
u"-measure zero. We will not track these null sets explicitly; their countable union
over all claims is still a p™-null set.

Exercise 9.1. [15] Show that X, ; is a p"-martingale: E,~[X,; | <] =
Xu,tfl-

Hint: Write X, ;(2e14) = Xyi—1(e<t) - v(er | eecrar)/p(er | ®<iar). Sum over
at, er; ju cancels, leaving Zet vies | ®arar) = 1.

Solution to Exercise 9.1

We need to compute E, ~[X,; | &e<¢]. Conditioning on se<; means a; and e; are
the random quantities (sampled from 7 and p respectively). First, write X, ;
pointwise as a function of history in terms of X, ; 1:

ovlen)  v(
Heala) = o) =

ae<1t) ) V(et | 3€<tat)
8e<t) M(et | 38<tat)
vier | 88<tat)

(
M(et ’ %<tat),

= Xyi-1(e<t) -

using the chain rule (Exercise 0.2) for both v and p. Now take the conditional
expectation. Since X, ;1 depends only on a4, it comes out of the expectation:

vie Xt
RN AT S
,U(et \ 88<tat)

vie X+Qa
= Xy Y wlar [ wa) Y pler | maray) - LB

at€A ete€ M(et | E‘E<t(lt)

= X, Zﬂ(at | &ect) Zl/(et | ectay).
at €t

In the last step, p(e; | <tar) cancels. Since v is a probability measure, ), v(et |
&) = 1 for every &y, ar; and ), w(a; | ee<;) = 1. Therefore:

E,r[X,,

E,u" [Xy,t | %<t] = Xu,t—l 11 = Xu,t—l‘

Since X,; > 0 (a ratio of non-negative quantities), (X, );>0 is a non-negative
pT-martingale, in particular, a non-negative p"-supermartingale.
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Exercise 9.2. [05] Apply Fact 9.4 to conclude X, ; = X, o < 0o p™-a.s.

Solution to Exercise 9.2

X, is a non-negative p”"-supermartingale by Exercise 9.1. By Fact 9.4 (Doob’s
convergence theorem), X,,; converges p"-a.s. to a finite limit: X, ; — X, oo < 00.

Exercise 9.3.  [10] Define X¢; := &(ee1.)/p(2e1:). Show Xep = >, wi, Xy
and X¢; > w, > 0.

Solution to Exercise 9.3

From the definition:

o 5(%1:75) _ Zywyl/(%l;t) . w 'V(%lzt) _ w
Xer = pleers) (@) N zy: " pler) zu: e

By Section 3: £(ae1:1) > wy, - pee1:), so Xeyp = E(eer:)/p(2e1) > wy, > 0.
Since M is finite, X¢; = >, w, X, is a finite sum of convergent sequences, so
Xet = Xeoo =2, WXy oo < 00 p-aus., with X¢ oo > w, > 0.

10. Change of Measure

Exercise 10.1. [15] Let A be a set of finite histories of length m. Show:
Vﬂ-[%lzm S A] = Eu‘” [Xy,m : [[Z'El:m S A]]] .

Hint: Use Exercise 0.1 to show v /p™ =v/p= X, .

Solution to Exercise 10.1

By Exercise 0.1, 7 (ae],,,) = m{ael,,,)-v(eel,,) and 1 (ach,,) = m(aeh) - pleeh).
For any history &.,, with u™(e.,,) > 0, the policy factors cancel:

v (&).,,) v(el.,,)
I/W(EE/. ) — Lim/ 77(88/. ) — Lm/ Tl'(%/ )

= XVym(eellzm) ’ Mw(%/lm)
For histories with p™ (],,,) = 0: since p™ = 7 - u, some 7(ay, | ;) = 0, which
forces v™(e].,,,) = 0 too (the same w-factor appears in v™ = 7 - v). So both sides
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are zero.
. / .
Summing over &/.,, € A:

yﬂ—[%lim S A] = Z Vw(aellzm) = Z XV7m(EE,1:m) ’ :u‘7r<aallm)
€A

= E#ﬂ- [Xy’m . H%l;m € Aﬂ] .

Exercise 10.2.  (Given.) The identity extends to infinite histories: for any
event A C (A x &),

V(4] = Eyr [Xoo - 100 € A]].

This says that X, o plays the role of the Radon-Nikodym derivative dv™/du”™
on the space of infinite histories. The proof rests on two ingredients beyond the
scope of this worksheet:

e L' martingale convergence (closed martingale / Lévy’s upward theo-
rem): since E,~[X, ;] = 1 for every ¢, the non-negative p/"-martingale (X, ¢)
is uniformly integrable, so X, ; — X, o in L!(u™), not merely p™-a.s. This
lets us pass the ¢ — oo limit through the expectation.

e Uniqueness of measure extension (Carathéodory / 7\ theorem):
both sides of the identity are finite measures on (A x £)*°; the finite-
history identity (Exercise 10.1) shows they agree on all cylinder events
A = Ap x (A x &), and cylinders generate the full event o-algebra, so
agreement extends uniquely to every event.

We omit the proof and use this identity freely below.

Exercise 10.3 (Markov inequality for change of measure). [15] Let F
be an event of infinite histories. For any ¢ > 0, show that

VT E] .

p [EN{Xye >€}] <

Hint: On EN{X, ~ > ¢}, X, oo > € pointwise. Take p™-expectations and apply
Exercise 10.2.

Solution to Exercise 10.3
Let E. := EN{X, o >¢}. On E;, X, » > €, so pointwise

XV,oo ' [[391:00 S Eaﬂ 2 €- [[%1:00 S Ea]]

34



Take p™-expectations and apply Exercise 10.2:
VT[E:] = Eur[Xvoo - [1:00 € Ec]] > - Eyr|[[e1:00 € Ec]] = £ W7[Ex].

Since E. C E, v™[E,] < v"[E]. Dividing by ¢ gives u"[E.] < v"[E]/e.
Interpretation. A likelihood ratio of at least ¢ forces v™ and ™ measures of
an event to be comparable: p”™ of the event can exceed v™ of it only by the
factor 1/e. In particular, if »™ vanishes on E, so does ™ on the part where the
likelihood ratio stays bounded away from zero.

11. Proving the Self-Optimizing Property

Fix a policy 7 that is self-optimizing for M with respect to m (Definition 9.1): its
existence is the hypothesis of Theorem 9.2. For each v € M, define the suboptimality

gap _
51/,t : %t_l — [0, ].}, 51/,t(33<t) = V:(a%<t) — VVW(EE<t).

As with X, ;, we write §,; without its argument when convenient: “,; — 0 p™-a.s.”

means J,¢(&<;) — 0 on every infinite history outside a p™-null set, and similarly for
“O,1 <17 ete.

Exercise 11.1 (Chain of inequalities). [20] Show:

0 < wu|e)[Vi-Vat] < Y wv|ec) .
veM

Hint: Use V;é > Vgr and Exercise 4.2.

Solution to Exercise 11.1
We establish two inequalities and chain them.
First inequality: isolate the u-term. For each v € M, the optimal value is at
least the value of any policy: V) (se<;) > v, ¢ (2<t), so Vf — V,¢ > 0. Since
the posterior weights w(v | &e<;) > 0, every term in ) w(v | s&<y)[V) — V,,Trf] is
non-negative. The p-term is one such term:
7.‘.* 7.r*
w(p | ec) [V = Vi) < Z w(v | &) V) — V¢

veM
Second inequality: replace m¢ with 7. By definition of the optimal value,
Vg(aeq) > Vg(aeg). Expanding both sides using infinite-horizon linearity (Ex-
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ercise 4.2, applied to the fixed policies ﬂg and 7):

S w(y | wa) Vit (wa) = Vilmar) = Vi (war)

14

= ) w(v]ea) V] (@)

14

Rearranging: > w(v)[V,) — V:g] <> L wW)VF =V =3, wv) oy
Chaining:

0 < wip| @)V = Vil < D ww|ew) .
veEM

Exercise 11.2 (Vanishing posterior). [10] Show: if X, ., = 0 then w(v |
&) = 0 p'-a.s.

Hint: Show w(v | e<;) = w, X, 1—1/X¢¢—1 and use Exercise 9.3.

Solution to Exercise 11.2

From the posterior weight formula, dividing numerator and denominator by
p(Eat):

v(se<t) _ v(et)/p(ee<t) wy - Xpg-1

o) " ) /u(ma) | Xes

where X, ;1 and X¢;—1 are evaluated at the length-(¢—1) history se<;.
If X)0o =0, then X, ;1 — 0 p™-a.s. (Exercise 9.2). Since X¢; 1 > w, > 0
always (Exercise 9.3), the ratio w(v | ee<) = w, Xy 1—1/Xe1—1 — 0 p™-a.s.

wv | &) = wy, -

Exercise 11.3 (Transferring convergence). [20] Let F := {ee1.00 :
dut(<t) # 0}, the set of infinite histories on which the suboptimality gap fails
to vanish. Show that ™ [F N {X, . > 0}] = 0.

Hint: Self-optimizing (Definition 9.1) gives v™[F] = 0. Apply Exercise 10.3
with £ = F and € = 1/n to conclude p"[F N {X, o > 1/n}] =0 for each n > 1.
Then note {X, o« > 0} = J,,51{Xv,00c > 1/n} and take the countable union
(Definition 7.1). -
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Solution to Exercise 11.3

Step 1: F is v™-null. By the self-optimizing assumption (Definition 9.1), under
V™ the suboptimality gap J,; vanishes, so v [F] = 0.
Step 2: Apply Exercise 10.3. For each n > 1, take F = F and ¢ = 1/n:

VT [F]

0 X 2 1)) < 0 = 0

Step 3: Countable union. The level sets of X, , form a nested increasing family:
{Xvoo > 0} = Ups1{Xv,00 = 1/n}. Intersecting with F gives F' N {X, o >
0} =U,>1 (FN{Xy00 > 1/n}), a countable union. By countable subadditivity
(Definition 7.1):

WTF 0 {Xe > 0] = 1| Uy F 0 {Xuo > 1/n}]
< Y WFN{X,0 > 1/n}] = 0.

n>1

What this says. “0,+ — 0 p™-a.s. on {X, > 0}” is shorthand for exactly
this event statement: among infinite histories on which the likelihood ratio stays
bounded away from zero, all but a p™-null subset are ones where J, ¢(&e<;) — 0.
We do not claim convergence on histories where X, o, = 0: that case is handled
separately in Exercise 11.2 via the posterior weight.

Exercise 11.4 (Single-term convergence). [10] Combine Exercise 11.2
and Exercise 11.3 to show w(v | se<t)dy, s — 0 p™-a.s.

Solution to Exercise 11.4

Fix v € M. We show w(v | &e<¢) §,4 — 0 p™-a.s. by considering two exhaustive
cases:

Case 1: X, o = 0. By Exercise 11.2, w(v | s&e<t) — 0. Since d,+ € [0, 1]
(Exercise 1.3), the product w(v | se<t) - 0pp < 1-w(v | &e<y) — 0.

Case 2: X, o > 0. By Exercise 11.3, §,; — 0. Since w(v | &) < 1 (posterior
weights are at most 1), the product w(v | se<t) - 0yr < 1-9,4 — 0.

These two cases cover all infinite histories (u"-a.s.), so w(v | ee<t) 0y — 0 p™-a.s.

Exercise 11.5 (Self-Optimizing Theorem). [15] Combine Exercise 11.4,
Exercise 11.1, Exercise 9.3 to finally prove the main result of Theorem 9.2.

Hint: w(p | sect) = wy/Xe 1.
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Solution to Exercise 11.5

Since M = {v1,...,vn} is finite, we can sum Exercise 11.4 over all v € M:

Z w(v | e«)dyy — 0 p'-a.s.
veM

From Exercise 11.1:

T

0 < w(p 3e<t)[v;j(3e<t) - Vug(?ﬁq)} < Zw(V | &<t) dpy — 0.
v
So w(p | &e<t)[V; — V,fé] — 0 u”-a.s.
It remains to divide by w(p | &e<;). From Exercise 9.3:

w(/’L | EE<t) = th 1'

Fix an infinite history outside the (single) y™-null set on which X¢; — X¢ oo < 00
fails. Along this history:

o X¢i1 — X¢oo, a finite positive number (with X¢ o > w, > 0 by Exer-
cise 9.3).

e Hence w(p | ®cy) = wy/Xes1 — wyu/Xeoo > 0, so eventually w(p |
33<t) > ’wu/(QX&’oo) > 0.
Dividing the convergence w(u | se<¢)(V,; —V:é ) — 0 by this positive (per-history)

lower bound, and using V; — V: £ >0:

V:(ae<t) - V:E (2<t) — O ur-a.s.

This completes the proof of Theorem 9.2.

Remark. We do not need to know which policy 7 is self-optimizing, or whether it is
computable. Mere existence suffices. For countable M, this final step is harder: a
countable sum of p™-a.s.-convergent sequences need not converge p”-a.s. The general
proof uses a “convergence of mixture tails” argument [Hut05, Lem. 5.28].

Further reading

e Hutter, An Introduction to Universal Artificial Intelligence (2024): Chapter 2.7
(Kolmogorov complexity), Chapters 3.7-3.8 (the model class and universal prior),
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https://www.hutter1.net/publ/uaibook2.pdf

and Chapter 7.4 (AIXI).

Hutter, Universal Artificial Intelligence: Sequential Decisions Based on Algorith-
mic Probability (Springer, 2005) — the original book-length treatment; Lem. 5.28
handles the countable- M self-optimizing case.

Blackwell & Dubins, Merging of Opinions with Increasing Information (Ann.
Math. Statist., 1962) — the merging-of-opinions theorem behind on-policy value
convergence.

Leike & Hutter, Bad Universal Priors and Notions of Optimality (COLT 2015)
— adversarial choices of the universal Turing machine can make AIXI behave
arbitrarily badly.
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http://www.hutter1.net/ai/uaibook.htm
http://www.hutter1.net/ai/uaibook.htm
https://doi.org/10.1214/aoms/1177704456
https://arxiv.org/abs/1510.04931

A. Worked Example: Bayesian Mixture and Value Function

Setup.

e Actions: A= {H,T} (predict the next coin flip)

e Observations: O = {H, T} (actual coin flip)

e Rewards: R = {0, 1}, with r, = [a; = o]

e Model class: M = {vypy,vyr} (two-headed coin, fair coin)

e Prior: w,,, = wy,, = %

Before any interaction (t =1, &1 = €):

f(olelal):%-l—i—%.%:%
After observing a head (¢ = 2), the posterior updates:
1 1/2
_ 1 _ 2 1 1
w(VHH|391)—§'3—/4—§, w(VHT|0'91)—§'ﬂ—§.
Updated prediction: £(os = H | &1a2) = % 1+ % . % - %_

Value function. Continuing the same setup, suppose the agent always predicts H
(policy mr).

Under vgp: always correct, 7 = 1 every step: V™ (€) = (1 —7) > 50,7 - 1=1.

VHH

Under vgp: correct half the time: V72 (€) = (1 —7) > 72, A % = %

VHT
The mixture value (by Exercise 4.2) is: V" (€) = F-14+4-12=13

As the agent observes more heads (1 = vy ), the posterior on vy increases towards 1,

and V;H — VB = 1. This is on-policy value convergence (Theorem 7.6) in action.

B. Knuth’s Difficulty Scale

Each subproblem carries a difficulty rating in square brackets, following Knuth’s rat-
ing scheme for exercises [Knu73] in slightly adapted form. The rating assumes that
the material in the preceding problems (on which the subproblem depends) has been
understood. In-between values are possible.
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[00] Very easy. Solvable from the top of your head.

[10] Easy. Needs 15 minutes to think, possibly pencil and paper.

[20] Average. May take 1-2 hours to answer completely.

[80] Moderately difficult or lengthy. May take several hours to a day.
[40] Quite difficult or lengthy. Often a significant research result.

[50] Open research problem. An obtained solution should be published.

Problems marked () are enrichment: they are off the critical path to the three main
results (Theorem 7.6, Theorem 8.1, Theorem 9.2) and can be skipped on a first pass
without loss of continuity.
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